In this paper, we overlay a continuum of analytical relations which essentially serve to compute the arc-length described by a celestial body in an elliptic orbit within a stipulated time interval. The formalism is based upon a two-dimensional heliocentric coordinate frame, where both the coordinates are parameterized as two infinitely differentiable functions in time by using the Lagrange inversion theorem. The parameterization is firstly endorsed to generate a dynamically consistent ephemerides for any celestial object in an elliptic orbit, and thereafter manifested into a numerical integration routine to approximate the arc-lengths delineated within an arbitrary interval of time. As elucidated, the presented formalism can also be orchestrated to quantify the perimeters of elliptic orbits of celestial bodies solely based upon their orbital period and other intrinsic characteristics.
INTRODUCTION
Over the past few decades, the advancement in astrodynamics has instigated a new era of celestial ephemerides. With the advent of novel observational routines -namely, Microwave ranging, lunar laser ranging, VLBI measurements, etc. -astronomers have not only subsided ambiguity in estimations of orbital elements of celestial objects but have also deduced results that are consequently more viable and pragmatic. Throughout the course of its refinement, data procured from theoretical approaches for determination of ephemerides has advanced to a machine-level precision with the incorporation of modern computational software. The refurbishment of classical analytical theories proposed by Newcomb (Newcomb 1882) , rendered to make reinvestigations into the Nautical Almanac, eventually came to a halt in the late 1960s. Inevitably, digital computation was set on par with modern astronomy when Eckert (1951) pioneered to numerically integrate the equations of orbital motion of the planets and the Moon, thereafter followed by Oesterwinter & Cohen (1972) . The enhancement course was overtaken by American groups at JPL, Pasadena (Standish Jr et al. 1976; Newhall et al. 1983) with the commencement of a series of Development Ephemerides (which took into account empirical discrepancies, such as perturbations, obliquity, nu-E-mail: ashimkarki54@gmail.com † E-mail: 32577aayushjha@gmail.com tations, and librations of the planets) as the need for more accurate planetary ephemerides became evident with the advancement in space exploration, and a plethora of other rectifications have been made in this arena hitherto. Notwithstanding the meticulously stringent observations made till date, the contemporary ephemerides are mostly modelled upon the Earth-centred inertial (commonly, the J2000) coordinate frames for numerical integration, whereas, a miniscule progression has been made to ameliorate corresponding concepts reliant upon heliocentric coordinate system. In this paper, we set forth analytical relations to compute the positions, and ultimately the arc-lengths of celestial bodies by initially parameterizing the elliptic (in this case, heliocentric) coordinates as direct functions of time elapsed from the epoch. The parameterization that follows can be thought of as a rudimentary application of the open-form solution to the Inverse Kepler's problem as it makes a predominant use of the Lagrange Inversion theorem to revert the Kepler's equation and express the eccentric anomaly in terms of mean anomaly and hence, secure two parametric functions in time. The first order time-derivatives of these functions, in the light of the inverted series of the eccentric anomaly, can thereafter communally yield an expression for arc-length traced by the celestial body in between two arbitrary time periods referenced from the epoch. As a corroboration to our work, values of the orbital elements of Earth-Moon barycentre and other celestial bodies -rectified to an eighth decimal-digit precision -have been deployed from Murray & Dermott (1999) to numerically integrate the afore-mentioned expression, and hence compute the perimeter of their elliptic orbits in the form of an arc-length approximation. In Section 2, the Kepler's equation is inverted using the Lagrange inversion theorem, supplemented with functions of eccentricity anomaly and its first order time-derivative. In Section 3, the heliocentric coordinates are parametrized in time and ephemerides of Earth-Moon barycentre is tabulated along with an illustration. Section 4 constructs a general expression to numerically compute the arc-lengths described by celestial bodies advancing in elliptic orbits. In Section 5, we demonstrate how this expression can be effectuated to calculate the perimeters of elliptic orbits. Section 6 scrutinizes about the probable causes of ambiguities in approximations secured by the equations deduced in this paper. The final verdicts are demarcated in the last section.
DISAMBIGUATION OF THE INVERSE KEPLER'S EQUATION
On account of the fact that the Kepler's equation cannot be analytically solved for eccentric anomaly E, a myriad of fixed-point iterative solutions, which employ the NewtonRaphson method, have been proposed and revised so far. However, it is worthwhile to note that the Lagrange inversion theorem is undeniably a more pertinent approach in this case, as it facilitates the reversion of the equation by expressing it into an open-form convergent Maclaurin series in terms of the mean anomaly M, allowing it to be solved a priori. The accuracy of the series can thereby be optimized by truncating it as per convenience. The relation between mean anomaly M and the eccentric anomaly E can be set up in accordance to the Kepler's equation as
where e is the eccentricity of the elliptic orbit and h(E) represents a function of M in terms of E. The function is clearly analytic and differentiable at E=0, and as h (0) = 1 − e 0, h(0) = 0, E can reasonably be enumerated in the form of M as
On evaluation, the equation (2) yields
The mean anomaly M can also be rendered as M = nt, where t is the time elapsed since pericentre passage and the mean motion 1 n = µ/a 3 = 2π/P.
1 The standard gravitational parameter is denoted here by µ = G (m 1 + m 2 ), where m 1 and m 2 are the two corresponding masses of the bodies in the orbiting system and G is the Newtonian Gravitational constant. The orbital period of the celestial body is denoted by P, a is its semi-major axis.
The eccentricity anomaly E can now be deduced in terms of t by reformulating equation (3) as
Taking the first order time-derivative of equation (4) on a term-by-term basis leads to
PROCESSION OF EARTH IN RESPECT OF HELIOCENTRIC COORDINATE FRAMES
Affixing the Sun at one of the two foci of the elliptic orbit, it can be derived from general geometry that the heliocentric cartesian coordinates 2 of the Earth-Moon barycentre during the procession are
where a is the semi-major axis of the elliptical orbit and b is its semi-minor axis. Substituting the expression for E in equations (6) - (7), we get
which on further simplification can be written respectively as
2 As a matter of convenience, the orbital inclination can be set to 0 for computation and the ascending node can be placed in the reference direction allowing the coordinate frames to be parsed in a cartesian plane. In order to manifest the elliptical orbit as a parametric curve such that the set of arbitrary points (x, y) = ( f (t), g(t)) describe a continuous and differentiable trajectory, 0 ≤ t ≤ P, one can plug in the series of E secured from equation (4) into equations (6) -(7) to write 3 x = f (t) = a cos nt 1 − e − e (1 − e) 4 n 3 t 3 3! + 9e 2 + e
(1 − e) 7 n 5 t 5 5! − 225e 3 + 54e 2 + e (1 − e) 10 n 7 t 7 7! + O t 9 − ae, (12) 
ARC-LENGTHS OF ELLIPTICAL ORBITS: NUMERICAL INTEGRATION ROUTINE
Contingent upon the relations we have established so far, here we construct a generalized equation that generates the arc-length covered by a celestial object in between any two arbitrary times -both referenced from the periastron passage. The first order time-derivatives of the heliocentric coordinates can be maintained from equations (6) - (7) as 
One can now presume the elliptical orbit to be a parametrically defined curve continuously differentiable on the interval 0 ≤ t ≤ P in consonance with equations (12) - (13). Also, f (t) and g (t) are not simultaneously zero, as every ellipse is devoid of cusps or corners. In account of its geometry, the elliptical orbit is transversed exactly once and does not double back on itself or reverse its direction of motion, since ( f ) 2 +(g ) 2 > 0 throughout the interval 0 ≤ t ≤ P. Therefore, one can satisfactorily define the arc-length in this case to be
where represents the arc-length covered by the celestial object within two arbitrary intervals of time t 1 and t 2 commencing from the periastron passage. From equations (14) - (15) one can modify equation (16) 
From general geometry, the relationship between semi-major axis a, semi-minor axis b, and the eccentricity e of an ellipse is
One can modulate equation (17) purely in terms of eccentricity e and semi-major axis a using equation (18) as
Using equation (2), one can write equation (19) as
(20) Table 2 . The arc-lengths delineated by the Earth-Moon barycentre at discrete intervals of time ∆t for approximately one half of the elliptic orbit (containing the apoapsis) are demonstrated. Within these eighteen different time intervals (instigating from the 90th day to the 270th day), one can notice that, even though the time intervals are evenly spaced, the arc-lengths first gradually diminish until the Earth-Moon barycentre has reached the apoapsis (around 180th day), and then moderately increase as the intervals proceed. On expansion of equation (20) and successive substitution of definition of M = nt (see also equations 4 and 5), one can get
Hereafter, one can numerically integrate equation (21) to estimate the length of the arc advanced by any celestial object in its elliptical orbit. In order to comply with the Second law of Kepler, the equations have been preliminarily framed in a way that numerically integrated arc-lengths are relatively higher when the celestial body is closer to the periapsis than when it is approaching the apoapsis for equal durations of time; the effect is ensued as a result of tangential velocity variations throughout the course of its orbit. (see also table 2).
RENDITION OF THE CIRCUMFERENCE OF THE ELLIPTIC ORBIT AS AN ARC-LENGTH
The parametrically defined arc-length obtained from equation (21) must result in the total circumference of the elliptical orbit when numerically integrated within the limits 0 to P, where P is the orbital period of the celestial body. If the origin is set at the elliptic centre, one can parametrically define the elliptic orbit in polar form to be 
where a is its semi-major axis, and b is its semi-minor axis such that a > b and 0 ≤ θ ≤ 2π. Then,
which from equation (18) can be written as
where e is the orbit's eccentricity. Then, the complete elliptic integral of second kind (perimeter of the ellipse), ℘, can be given as
The integral in equation (26) can be evaluated after binomial expansion of √ 1 − e 2 sin 2 θ to
Finally, the celestial body will have covered an arc-length equal to the circumference of the elliptical orbit, so = ℘, when numerically integrated within the limits 0 to P. From equations (21)- (27), one can write
APSIDAL PROCESSION AND TRUNCATION ERRORS
It is customary that the argument of periapsis in every elliptical orbit must experience a steady procession over time resulted by either general relativistic effects, rotational quadrupole bulges on the planet, stellar quadrupole moments, Lidov-Kozai mechanism, or perturbative effects of other planets (Kipping 2011) . The work presented so far relies upon an isolated orbiting system; however, perturbations can ensue numerous, yet insignificant, discrepancies onto the existent conditions. The inconsistencies induced in the computed estimates tend to vanish off when orbits with low inclinations are designated. The series can be truncated to any degree of accuracy, and the use of robust computational software should suffice to curtail any obscurity in calculations.
CONCLUSIONS
Parameterization of heliocentric coordinates as functions of angular quantities is unequivocally a straightforward task at hand, as they can be reformulated using elementary geometrical relations. However, this paper devises a new framework to revisit such conventionality by parameterizing the coordinates fundamentally in terms of time. This approach, in assent with the Lagrange inversion theorem, is then reinforced into a set of analytical relations predominantly governed by time.
Complementary to the interposition of a new module for ephemerides calculations, this procedure also doubles as a numerical integration routine to compute arc-lengths traced by celestial bodies advancing in elliptical orbits.
